arXiv:math/0503541 vl [math.PR] 24 Mar 2005 


The Annals of Applied Probability 

2004, Vol. 14, No. 4, 1810-1837 

DOI: 10.1214/105051604000000909 

(c) Institute of Mathematical Statistics, 2004 

INTERPLAY BETWEEN DIVIDEND RATE AND BUSINESS 
CONSTRAINTS FOR A FINANCIAL CORPORATION 

By Tahir Choulli^, Michael Taksar^ and Xun Yu Zhou^ 

University of Alberta, University of Missouri 
and Chinese University of Hong Kong 

We study a model of a corporation which has the possibility to 
choose various production/business policies with different expected 
profits and risks. In the model there are restrictions on the dividend 
distribution rates as well as restrictions on the risk the company can 
undertake. The objective is to maximize the expected present value 
of the total dividend distributions. We outline the corresponding 
Hamilton-Jacobi-Bellman equation, compute explicitly the optimal 
return function and determine the optimal policy. As a consequence 
of these results, the way the dividend rate and business constraints 
affect the optimal policy is revealed. In particular, we show that un¬ 
der certain relationships between the constraints and the exogenous 
parameters of the random processes that govern the returns, some 
business activities might be redundant, that is, under the optimal 
policy they will never be used in any scenario. 

1. Introduction. In recent years we have seen a lot of new results in 
the application of diffusion optimization models to financial mathematics. 
Together with portfolio optimization models, dividend distribution and risk 
control models have undergone major development. 

In typical models of this type (see [[2], [3], [8]-[ll], [13], [14], [16]]), the liq¬ 
uid assets of the company are governed by a Brownian motion with constant 
drift and diffusion coefficients. The drift term corresponds to the expected 
(potential) profit per unit time, while the diffusion term is interpreted as 
risk. The decrease of risk from business activities corresponds to a decrease 
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in potential profits. Different business activities in these models correspond 
to changing the drift and the diffusion coefficients of the underlying process 
simultaneously. This sets the scene for an optimal stochastic control model 
where the controls affect not only the drift, but also the diffusion part of the 
dynamic of the system. 

In this article we study a model with an explicit restriction on risk control 
and on the rate at which the dividends are paid out. In addition, the company 
may have liability which it has to pay out at a constant rate no matter what 
the business plan is. 

The controls are described by two functionals at and ct- The first rep¬ 
resents the degree of business activity which the company assumes. The 
process at takes on values in the interval [a,/3], 0 < a < [3 < +oo. The risk, 
which in our model is associated with the diffusion coefficient, and the poten¬ 
tial profit, which is associated with the drift coefficient of the corresponding 
process, are both proportional to at- The constraints on the values of at re¬ 
flect institutional or statutory restrictions (e.g., for a public company) that 
the risk it can assume cannot exceed a certain level or that its business 
activities cannot be reduced to zero unless the company goes bankrupt. 

The value q of the second control functional shows the rate at which 
dividends are paid out at time t. The dividends are paid out from the liquid 
reserve and are distributed to shareholders. This corresponds to q entering 
the drift coefficient of the reserve process with a negative sign. The dividend 
rate is bounded by a constant M given a priori. 

In our model we also assume the existence of a constant rate liability 
payment, such as a mortgage payment on a property or amortization of 
bonds. The results of this model can be viewed as an extension of the results 
of Choulli, Taksar and Zhou [4]. The presence of dividend rate constraints, 
however, adds a whole new dimension to the analysis as well as to the 
qualitative structure of the results obtained. 

What is the most interesting is the interplay between the constraints and 
the exogenous parameters that govern the process of returns. Depending on 
the relationship between these parameters, we get several distinct cases of 
qualitative behavior of the company under the optimal policy. 

This article is structured as follows. In the next section we present a rigor¬ 
ous mathematical formulation of the problem and state general properties of 
the optimal return or the value function. We also write the Hamilton-Jacobi- 
Bellman (HJB) equation this function must satisfy. In Section 3 we find a 
bounded smooth solution to the HJB equation. In Section 4 we construct 
the optimal policy and present our main findings in table form. Finally, in 
Section 5 we describe some economic interpretation of the results and state 
conclusions. 
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2. Mathematical model. We start with a filtered probability space (fl, T^ P) 
and a one-dimensional standard Brownian motion Wt (with Wq = 0) on it, 
adapted to the filtration Tf We denote by the reserve of the company 
at time t under a control policy vr = > 0 ) (to be specified below). 

The dynamic of the reserve process is described by 

(2.1) dR^ = {a'^^ — 6) dt + a^adWt — dt, Rq=x, 

where ^ is the expected profit per unit time (profit rate), a is the volatility 
rate of the reserve process (in the absence of any risk control), 6 represents 
the amount of money the company has to pay per unit time (the debt rate) 
irrespective of what business activities it chooses and x is the initial reserve. 

The control in this model is described by a pair of .Ti-adapted processes 
TT = > 0). A control vr = > 0) is admissible ii a < aj < 

(5 and 0<cJ<M\ft>0, where 0 < a < P < -l-oo and 0 < M < +oo are 
given scalars. We denote the set of all admissible controls by A. The control 
component aj represents one of the possible business activities available for 
the company at time t, and the component dl corresponds to the dividend 
payout rate at time t. 

Given a control policy vr, the time of bankruptcy is defined as 

(2.2) = mi{t>0:R^ = 0}. 

The performance functional associated with each control vr is 



where 7 > 0 is an a priori given discount factor (used to calculate the present 
value of the future dividends), and the subscript x denotes the initial state 
X. The objective is to find 

(2.4) u(x) = sup Ja;( 7 r) 

ttGA 

and the optimal policy ir* such that 

(2.5) Jx{'K*) = v{x). 

The exogenous parameters of the problem are fi, a, 5, a, /3 and 7 . The aim 
of this article is to obtain the optimal return function v and the optimal 
policy explicitly in terms of these parameters. 

The main tools for solving the problem are the dynamic programming 
and HJB equation (see [[ 6 ], [7] and [17]] as well as relevant discussions in 
[[2], [9] and [16]]). We start by stating the following properties of the optimal 
return function v. 
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Proposition 2.1. The optimal return function v is a concave, nonde¬ 
creasing function subject to i;(0) = 0 and 



( 2 . 6 ) 


Proof. The proof of the concavity and the monotonicity as well as the 
boundary condition, u(0) = 0, is similar to the one in [4]. To show (2.6), 
consider 



□ 


If the optimal return function v is twice continuously differentiable, then 
it must be a solution to the HJB equation 

° ^ ^ + (a/x - (5 - c}V'(x) - jV(x) + c) 

a<a<fD,0<c<M 

(2.7) = vnayi {x) + {ap, — 6)V'{x) —'yV{x) + M{1— V'{x))~^) 

ce<a<P ^ 

P(0)=0, 

where x'^ =max(a:,0). This equation is rather standard and its derivation 
can be found in [[6], [7], and [17]]; see also [9] and [10]. 

Note that we do not know a priori whether the HJB equation has any so¬ 
lution other than the optimal return function. However, the following verifi¬ 
cation theorem, which says that any concave solution V to the HJB equation 
(2.7) whose derivative is finite at 0 majorizes the performance functional for 
any policy vr, is sufficient for us to identify optimal policies. 

Theorem 2.2. Let V be a concave, twice continuously differentiable so¬ 
lution of (2.7), such that H'(0) < J-oo. Then, for any policy vr = {aj,cj;t > 


0 ), 

( 2 . 8 ) 


V{x) > Jx{7r). 


Proof. Let Rf be the reserve process given by (2.1). Denote the oper¬ 
ator 



Then by applying Ito’s formula (see [5], Theorem VIH.27) to the process 
e~Tv{Rf), we get 



(2.9) 
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Since V is nondecreasing, concave with finite derivative at the origin, V'{x) is 
bounded and the stochastic integral in (2.9) is a square integrable martingale 
whose expectation vanishes. In view of the HJB equation (2.7) and the 
inequality cj < M, we have 

(2.10) l<v{r:)<-c:{i-v'{r:))+. 

Taking expectations of both sides of (2.9), in view of (2.10) we get 

(2.11) 

ptAr 

< V{x) - E / e-"<^cl[V'{Rl) + (1 - V\R^A)^] ds. 

Jo 

Combining (2.11) with the fact that y + (1 — yA > 1; we get 

rtAr 

(2.12) £;(e"^(*^^V(i2iV)) + E / ds < V{x). 

Jo 

Note that in view of the boundedness of V', 

+ RJ^^) < + \RJ\) 

for some constant K. Since RJl is a diffusion process with uniformly bounded 
drift and diffusion coefficient, standard arguments yield E\R^ \ < x + KR for 
some constant Ki. Therefore, 

(2.13) ^ 0 

as t —> oo. Thus taking the limit in (2.12) as t —> oo, we arrive at 

V{x)>E J ds = Jt^{x). q 

The idea of solving the original optimization problem is first to find a 
concave, smooth function to the HJB equation (2.7) and then to construct a 
control policy [by solving a stochastic differential equation (SDE); for details 
see Section 4] whose performance functional can be shown to coincide with 
the solution to (2.7). Then, the above verification theorem establishes the 
optimality of the constructed control policy. As a by-product, there is no 
other concave solution to (2.7) than the optimal return function. 

3. A smooth solution to the HJB equation. In this section, we are look¬ 
ing for a concave, smooth solution to (2.7). Assume that such a solution V 
has been found. Let 

(3.1) xi = inf{x > 0: IJ'(x) < 1}. 

Then, for 0 < x < xi, (2.7) becomes 

(3.2) 0= max AAAv"{x) + {ay — d)V'{x) — ^V{x)), 

a<a<y ^ 
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while for x>xi, (2.7) can be rewritten as 

(3.3) 0= max {la^a^V"{x) + {afj, — 6 — M)V'{x) —'yV{x) + M). 

ct<a</3 

We start by seeking a smooth solution to (3.3). Obviously if V'{Q) < 1, then 
= 0 and (2.7) is equivalent to (3.3) for all x > 0. 

Proposition 3.1. If S, then W(0) < 1. 

Proof. It follows from (2.7) that there exist a G [a,/3] such that 

(3.4) 0 = icj^aV"(0) + (a/x - <5)P'(0) + M(1 - 'P'(0))+. 

If Pfi < 6, then each of the first two terms on the right-hand side of (3.4) is 
nonpositive with the second being strictly negative. Therefore, M(1 — I/'(0))“’' > 0, 
which implies P'(0) < 1. The same argument goes if Pfj, = 6 and V"{fd) < 0. 

In this case, either the first or the second term on the right-hand side of (3.4) 
is strictly negative. If /3/x = 5 and V"{Q) = 0, then the maximizer of the right- 
hand side of (2.7) is equal to /3 for all x in a right neighborhood of 0 [recall 
that P'(0) > 0]. Substituting a = /3 either into (3.2) or into (3.3) and solving 
the resulting linear ordinary differential equation (ODE) with constant co¬ 
efficients, we get a function V whose second derivative at 0 does not vanish, 
which is a contradiction. □ 

Remark 3.2. When the dividend rates are unrestricted, the condition 
P/j < 6 makes the problem trivial (see [4], Theorem 4.1). This is not the case 
when the dividend rates are bounded. Even if P^ < 6, the second derivative 
of P at 0 is strictly negative, which makes the problem nontrivial in contrast 
to a similar situation in the case of unrestricted dividends. 

Now we analyze the solution to (3.3) under the condition Pji > 5. As we see 
later, the qualitative nature of this solution depends on whether a(xi) < a 
or a < a(xi) < /3 or a(xi) > P, where 

(3.5) a(x) = - > 0, x<xi. 

a^V '[x) 

To this end, we need the following proposition: 

Proposition 3.3. (i) If a{xi) > a, then, for each x > xi, 

(3.6) a(x) > a. 


(ii) If a{xi) > P, then, for each x > xi 
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(3.7) a{x) > 15. 

Proof, (i) Suppose there exists xq > xi such that a(xo) < a. Then there 
exists e > 0 such that a{x) < a for each x with \x — xq\ < e. Let x' = sup{xi < 
X < xq : a{x) = a} . Then xi < x' < xq < xq + e and a{x') = a. Since a{x) <a 
for all X G [x', xo + e), the function V satishes (3.3) with the maximum there 
attained at a = a. Therefore, 

M 

V{x) = - \- Ki exp(f_|_(a)(x — x')) + K 2 exp(f_(a)(x — x')) 

(3.8) ^ 

Vx G [x',xo + e). 


Here 


(3.9) r+{z) =- 




(3.10) + 




From (3.8) and (3.5), the equation a(x') = a can be rewritten as 

/r + aa^f-{a) 


Kif+{a) = -K2f_{a) 


/.i + a(j2f+(Q() ’ 


which establishes a relationship between the constants Ki and K 2 . Using 
this relationship, we calculate 


a(x) = 


—fj,V'{x) 

aW'{x) 


= ( exp((f+(a) - f_(a))(x - x')) - 


(3.11) 


^ + ac7^f+(a) 
/i + aa‘^f-{a) 

X ^f+(a) exp((f+(Q() — f_(a))(x — x')) 

^ + acj^f+(a) 


— r_(Q!) 


+ acj2f_(a) 


Vx G [x', xq + e). 


However, we have a(x) < a for x > x', which after a simple algebraic trans¬ 
formation of (3.11) is equivalent to exp((f+(a) — r_(a))(x — x')) < 1. This 
leads to a contradiction. Therefore (3.6) holds. 
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(ii) By virtue of the assertion (i), a{x) > a for all x>xi. Suppose there 
exists x' > xi such that a{x') < /3. Then there exists e > 0 such that a{x) < j3 
for all X <x' + e. Let x = supjxi <x<x'\ a(x) = j3}. Then xi < x < x' and 
a(x) = (3. In addition a < a{x) < /? for all x < x < x'. Substituting a = a{x) 
and V"{x) = —{iJLV'{x))/{a‘^a{x)) into (3.3), we get 

(3.12) 0 = ^^^y'(x) - (<5 + M)V'{x) - -fV{x) + M. 

Differentiating (3.12) and again substituting V"{x) = —{fj,V'{x))/{a‘^a{x)) 
into the resulting equation, we obtain 

(3.13) a{x)a'{x) = (a(x) — c) ^ 

Then integrating (3.13) we get 


(3.14) 


o(x) 


a{x) + clog 



_ ^^ + 20-^7 
{x — x) - —- > 0 




y x < x < x', 


which is a contradiction. Hence (3.7) holds and this completes the proof of 
the proposition. □ 


First suppose that a(xi) > f5. In view of Proposition 3.3(i), we deduce 
that o(x) > (3 for each x>xi. Substituting a = (3 into (3.3) and solving the 
resulting equation, we get 

M 

V{x) = -h i ^/3 exp(f_(/3)(x — xi)) Vx>xi. 

7 

Here Kp is a constant which takes on either the value —^ or l/(f_(/3)) 
depending, respectively, on whether xi in (3.1) is zero or not. Then straight¬ 
forward calculations show that a(x) = —///(cr^r_ (/?)). Thus, the condition 
a(a^i) > /3 is equivalent to 


(3.15) 


2/i(5 + M) 

+ 27cj2 


>/ 3 . 


Next suppose a < a(xi) < {3. By virtue of Proposition 3.3(i), a(x) > a for all 
X > xi. As a result, a < a{x) < /9 in a right neighborhood of xi. Substituting 
a = a{x) and V"{x) =—{pV'{x))/{a‘^a{x)) into (3.3), we deduce that a(x) 
satisfies (3.12). Then, following the same analysis there, we derive equation 

(3.13) for a(x). 


Suppose there exists x' > xi such that a(x') < c [resp., a(x') > c]. Then 
from (3.13) we deduce that a(x) < c [resp., a(x) > c] for each x > x'. Thus, 
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by integrating (3.13) we derive (3.14) for all x > x', with x replaced by x'. 
From (3.12) and (2.6), we see that a{x) < Vx > xi. Therefore, the 

left-hand side of (3.14) is bounded. This is a contradiction and we conclude 
that a(x) = c for each x > xi. In view of the above results, the condition 
a < a(xi) < /3 can be rewritten as a < c < f3. Now, substituting a = c into 
(3.3) and solving the resulting equation [noting that f_(c) = we 

get 

^ f (J^ c, \ 

V{x) = -hiilexpi-(x —xi)) Vx>xi, 

7 \ ) 

where is a constant which takes on either the value of —^ or —/i/(cj^c) 
depending, respectively, on whether xi = 0 or xi > 0. 

Finally, suppose that a(xi) < a. Then it follows from the above results 
that c < a. Therefore a(x) < a for all x in a right neighborhood of xi. 
Substituting a = a into (3.3) and solving the resulting linear differential 
equation, we get 


(3.16) V{x) 


M 

7 


-|- Ki{a) exp(f+(a)(x 


xi)) + K 2 {a) exp(f_(a)(x 


a^i)), 


where Ki{a) and 1 ^ 2 («) are free constants. If Ki{a) > 0, then the right- 
hand side of (3.16) is unbounded on [xi,oo), which contradicts (2.6). If 
Ki{a) < 0, then the right-hand side of (3.16) becomes negative for x large 
enough, which again is a contradiction. Hence Ki{a) = 0. On the other hand, 
we have K 2 {a) < 0 in view of V"{Q) < 0. Therefore, 


V{x) 


M 

7 


-I- Ka exp(f_ (a) (x 




where is a constant that takes on the value either — ^ or l/(f_(a)) 
depending on whether xi is zero or not. Combining the above results, we 
can formulate the following theorem. 


Theorem 3.4. Let r-(a), f-{(5) and c be the constants given by (3.10) 
and (3.15), respectively. Let xi be defined by (3.1). Then for xi=0 {resp., 
for xi > 0 ) the following assertions hold. 

(i) If c> then 

M 

(3.17) V{x) = -h i^/ 3 exp(f_(/ 3 )(x - xi)), x>xi, 

7 

is a concave, twice differentiable solution of the HJB equation (3.3) on 
[xi,oo), where Kp is equal to —^ [resp., to l/(f_(/3))]. 
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(ii) If a<c< (5, then, 

(3.18) lZ(x) = —+ Kexpf^^(x — xi)Y x>xi, 

7 Vcr^c / 

is a concave, twice differentiable solution of the HJB equation (3.3) on 
[xijOo), where K is equal to [resp., to —/x/(cr^c)]. 

(iii) If c< a, then, 

M 

(3.19) V{x) = -h ^^aexp(f_(a)(x — xi)), x>xi, 

7 

is a concave, twice differentiable solution of the HJB equation (3.3) on 
[xi,oo), where Ka is a constant equal to —^ [resp., to l/(f_(a))]. 


Corollary 3.5. If Xi =0, then the solution to (2.7) subject to (2.6) is 
given by 


V{x) = < 


M 

7 

M 

7 

M 


(1 -exp(f_(/3)x)), 


1 — exp 


2 

CJ^C 


(1 — exp(f_(a)x)), 


ifc>(5, 

if a <c< (5, V X > 0, 
if c< a. 


Corollary 3.5 shows that the qualitative nature of the solution depends on 
the relationship between a and f3. Accordingly, we consider three cases. 
However, in contrast to the situation with unbounded dividend rates, each 
case here will consist of several subcases, each subcase being associated with 
a different range for the value of M. 


Remark 3.6. If neither < 1 when c<f3 nor ^{p,/{a^c)) < 1 

when a <c< P nor —^r-{a) < 1 when c< a is satisfied, then the solution 
to (2.7) satisfies 

R'(0) > 1. 


The main purpose of the remaining part is to derive the solution to (3.2) 
and then to combine the latter with Theorem 3.4. The solution to (3.2) is 
based mainly on the value of a(0). Thus, first of all, we present an analysis 
of a(0). 


Proposition 3.7. Suppose the assumptions of Remark 3.6 hold. Then: 

(i) ^ <a if and only if a{0) < a. In this case a(0) = {p.a'^) / {2{p,a — 6)). 

(ii) Ci <1^ < P if and only if a < o(0) < p. In this case a(0) = 2^. 
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(iii) f3 if and only if o(0) > fd. In this case a(0) = (/U/3 ^)/— S)). 


Proof. In view of the assumption of Remark 3.6, assume that xi is 
positive. Let a G [a, jd] be such that 


0 = max {ha^a'^V"(0) + (a/x — (5)R'(0)) 
a<a</3 ^ 

(3.20) 

= icj 2 aV"( 0 ) + (a/x - (5)R'(0). 


Comparing (3.20) to (3.5) we obtain 


(3.21) 


2 / ^ 2(5 , , 

— 2a(0)a H-a(0) = 0. 


From (3.21), it follows that a(0) > Moreover, by definition, a(0) G [a, fd] 
is equivalent to a = o( 0 ), which is further equivalent to a( 0 ) = y £ [ct; /5]- 
Thus we conclude: 


(i) If o(0) < a, then ^ < a(0) < a. Conversely, suppose ^ < a. If a(0) G 
[a;,/3], then by the above results a(0) = ^ < a, which is a contradiction. 

Thus either o(0) < a; or a(0) > jd. Suppose a(0) > fd. Then d = fd and by 
(3.21), a(0) = {yLfdf)/{2{iJifd — 6)) < fd (due to ^ < a < fd). This is again a 
contradiction. Hence we have a(0) < a. Then d = a, and in view of (3.21), 
we get a(0) = (/xa;^)/(2(a/x — 6)). 

(ii) Suppose a < ^ < fd. Then due to (i) we have a(0) > a. Now we 
proceed to prove that a(0) < ^ < /3. Suppose a(0) > Then a(0) > fd = d. 

On the other hand, in view of (3.21), we have a(0) = f^fdf)/{2{fdyL — 5))] 
thus (/x/3^)/(2(/3/x — (5)) > fd, which is equivalent to 2^ > fd. This, however, is 

a contradiction and therefore a(0) = ^ G [a,fd). Conversely, if a(0) G [a,/3), 
then a(0) = ^ € [a, P). 

(iii) Suppose /3 < y. Then a(0) > ^ > /3, leading to d = P and a(0) = 

(/x/3^)/(2(/3/x —(5)) > p. Conversely, if a(0) > P, then d = P and a(0) = (/x/3^)/(2(^/5— 
h)) > P, which is equivalent to y > /3. Cl 


3.1. Case of ^ < a. To resolve equation (3.2), we begin our analysis 
with an observation that in this case, in view of Proposition 3.7(i), a{x) < a 
for all X in the right neighborhood of 0. We also suppose that a{xi) > p. 
This assumption is not a restriction, but gives us the solution of (3.2) that 
corresponds to the maximal interval [0, xi). Substituting a = a in (3.2) and 
solving the resulting second-order linear ODE, we obtain 


(3.22) 


V{x) = A;i(Q;,/3)(exp(r+(Q:)x) — exp(r_(a;)a:)) 
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where A;i(a,/3) is a free constant to be determined and 
— {zfi — 5) + [{zn — 6)^ + 


r+(z} = 


(3.23) 




r_(z) = 


— {zfi — 6) — [{z/j, — 6)^ + 


a^z^ 


z>0. 


Due to (3.5) and (3.22), 


a2 (V"(x))^ 

—/ir+(Q;)r_ (a) exp((r+(Q;) + r_(a))a:)(r+(a) — r_(a;))2 


>0 


a2(v"(x)y 

for each x in the right neighborhood of 0. Therefore a(x) increases and 
reaches a at the point Xa given by 


(3.24) 


1 


Xn = 


■log 


r-(a)(^ + Q!cr2r_(a)) 


> 0 . 


r+(a!)—r_(a) V?’+(a)(/^ + 0!(j2r_|_(Q;)), 

By virtue of Proposition 3.3(i), a < a(x} < /3 in the right neighborhood of 
Xa- In this case we substitute a = a(x) and 

—/uV'(x) 


(3.25) 


V"(x) = 


a^a(x) 

into (3.2), differentiating the resulting equation and substituting 

—^V'{x) 


V"{x) = 


Cj2o(x) 


once more, we arrive at 


ljLa'{x) ^ fiS [j? + 27cj^ 


As a result, 

(3.26) 
with 

(3.27) 


a{x) = 


cr 2 a(a:) 


+ 27(j2 


2^2 


1 - 


a{x) 


c = 


25^ 


/i2 + 270-2 


Integrating (3.26), we get G{a{x)) = ((//^ + 27 o-^)/(/ro-^))(x — Xa) + G(a), 
where 


(3.28) 


G{u) =u + clog(ti — c). 
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Therefore, 

(3.29) 


a{x) = G {x - Xa) + G{a)^ . 


Thus a{x) is increasing and a(x,g) = /3 for 

,2 


X/3- 


fia 


(3.30) 


/i^ + 2'ya‘^ 


[G{P) — G(a)] + Xc 


iia'^ , ua^c , //? — c 

- - (/3-«)+ 2 ^ 0 g ^- 

+ 2'ja^ \a — c 


IJ ? + 270-2 

Solving (3.25) we obtain 

(3.31) V{x) = V{xa)+ V'{xa) f exp(--^ / -^^dy, Xa<x<xp, 

where V{xa) and V'{xa) are free constants. Choosing V{xa) and V'{xa) as 
the value and the derivative, respectively, of the right-hand side of (3.22) 
at Xa, we can ensure that the function V given by (3.22) and (3.31) is 
continuous with its first and second derivatives at the point Xa no matter 
what the choice of k{a, (3) is. (Note that due to the HJB equation, continuity 
of V and its first derivative at Xa automatically implies continuity of the 
second derivative as well.) Next we simplify (3.31). First, changing variables 
a(u) = 9 we get 

a fy du ' 

-1 * 

fa{x) 


/ exp 
/xc V 0- 


ya 


ra{x) / c 


y ? + 270-2 

On the other hand, relationships (3.24) and (3.22) imply 


V{x^) = 


27 




Simple algebraic transformations yield 

’-2 \ / - - - \ zy — 26 


(3.32) 


ya \ I c z — c 
//2 +27(72; (t ~ l-T 


27 


Vz > 0, 


where c is given by (3.27) and 

(3.33) r = 
Therefore, 

(3.34) V{x) = V\xa) 




p2 + 270-2 ' 
ya{x) — 26/a{x) — 


27 


a — c 


Xa<X< xp. 
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The same arguments as in Proposition 3.3(ii) show that a(x) > (5 for each 
X > xp. Thus, substituting a = /3 into (3.2) and solving the resulting ODE, 
we get 


l/(x) = A:i(/3)exp(r+(/3)(x-xi)) + /c 2 (/ 3 )exp(r_(/ 3 )(x-a:i)), 

(3.35) 

xp < X < Xl, 


where /ci(/3) and k 2 {P) are two free constants to be determined. The continu¬ 
ity of (3.31) at xp, together with simple but tedious algebraic transformation 
[similar to those used above to simplify (3.31) to (3.34)] lead to 

(3.36) • 


Let c be given by (3.15) and 


(3.37) 


M,= 



25/i \fj? + 2 ( 7^7 
//2 2 ( j 27 ) ^ 


z>0. 


Then c> /3 (resp., c = /? ) is equivalent to M > Mp (resp., M = Mp). This 
is the first subcase we consider. 


3.1.1. Case of M > Mp. Our assumptions imply that in this case, 0 ( 3 : 1 ) > /?, 
which is equivalent to xi > xp. Combining (3.22), (3.34) and (3.35) and The¬ 
orem 3.4(i) we can write a general form of the solution to (2.7) and (2.6), 


(3.38) V{x) 


' iLi(Q:,/3)(exp(r_|_(a)x) — exp(r_(a)x)), 

27 \ a — c J 

< iLi(/3)exp(r+(/3)(x - xi)) 

+ K 2 {P)exp{r_{P){x - xi)), 

T ^ exp(f_(/3)(x - xi)). 


0 < X < Xa, 

Xa<X< Xp, 


Xp < X < Xl, 
X > Xl, 


where x+(a), r-{a), x+(/l) and r-{f5), Xa and xp are given by (3.23), 
(3.24) and (3.30), respectively, and Ki{[3), 7 ^ 2 (/S), 7Li(a,/3) and xi are un¬ 
known constants to be determined. Continuity of the first and the second 
derivatives at xi results in 


P'(xi) = l, P"(xi) = f_(/3). 


This gives us two equations. 


l = Ki{P)r+{P) + K2{P)r_{P), 

M{f3) = Kmrlid) + K2{f5y_{P), 
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whose solutions are 


(3.39) 


Km = 

K2{(5) = 


r-iP)-r-il3) 

r+{P)-r-{(3) 


r-{P){r+{P) -r-{P)) 

Put A = — xi- As before, using the principle of smooth fit at xp, we get 

1 


xp — xi = A = 


(3.40) 


(r+(/3) -r_(/3)) 

. ( {r+{P)-r-{P)){n + Pa^r_{P)) \ 

(f-iP)-r-{P)){fi +Pa‘^r+{P))J' 


The expression on the right-hand side of (3.40) is negative due to c > /?. In 
view of (3.40) and (3.39) we can derive a simplified expression for V'{xp): 


V'{xp) = /Jcr^ exp(r_(/3)A) 


r+{P)-r_(p) 
H + Pa‘^r+{P) ' 


The continuity of V at Xa yields V'{xa) = i^i(a,/3)(r+(a) exp(r+(a)xa) — 
r_(a) exp(r_(a)xc)). Combining this equality with (3.36), we get 


(3.41) 


Ki{a,P) 


_ y'{xp){{p-c)/{a-c)f _ 

r+(a) exp(r+(a)xQ,) — r_(a) exp(r_(Q:)a:a) 


Theorem 3.8. Let a{x) he a function given hy (3.29) and let r^{a), 
r_{a), r+(/3), r_(/3), Xa, xp, c, T, f_(/3), Ki{P), K 2 {P), Ki{a,P) and xi 
be given by (3.23), (3.24), (3.30), (3.27), (3.33), (3.10), (3.39), (3.41) and 
(3.40), respectively. If ^ < a and M > Mp, then V given by (3.38) is a 
concave, twice differentiable solution of the HJB equation (2.7), subject to 
( 2 . 6 ). 

Proof. From the way we constructed V, it is a twice continuously dif¬ 
ferentiable solution to the HJB equation (3.2). What remains to show is the 
concavity. From (3.38), we deduce that 

V"'{x) = A:i(a,/3)(ri|_(a)exp(r+(a)a:) — ri).(a) exp(r_(a)x)) > 0 

VO < x < Xq,, 

due to r_(Q;) < 0 < ki{a,P). Hence on this interval V” is increasing and 
V"{x) < V"{xa) = ki{a, P){r\{a) exp(r_|_(a)xQ) — r‘f{a) exp(r_(a)xQ)) < 0, 
due to (r_(a))/(r+(a)) = exp((r+(Q!) — r_(Q;))xQ,) and |r_(a)| >r_|_(a). 
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For Xa<x< x/B, V''{x) = {—^V'{x))/{a‘^a{x)) < 0. For xp <x < xi, 

V"'{x) = ki{P)r\{f3) ex.p{r+{P){x-xi)) + k2{P)r^_{f3) exp(r_(/3)(x-a:i)) > 0, 

since k 2 {P) and r-{[3) are of the same sign. Thus V"{x) < V"{xi) <Q\/ xp< 
X < xi- Finally, V"(x} <0 Vx > xi. This establishes the concavity of V. 
Since V'(x) > 1 for x < xi and V'(x) < 1 for x > xi, it is clear that V satishes 
(2.7). 

□ 


3.1.2. Case of Ma < M < Mp. Expression (3.37) shows that /9 > c > a if 
and only if Mp > M > Mq. From (3.29) we see that the condition j3>c> a 
is equivalent to (3 > o(xi) > a. In view of Theorem 3.4, a(x) < a(xi) < f3 for 
all X > 0. This also implies E'(xi) = 1. As a result K = —a'^cjpL. Taking into 
account (3.22), (3.34) and (3.18), we can write the expression for V as 


' Ki(a, /3)(exp(r+(a)x) — exp(r_(a)x)), 0 < x < Xa, 

/ia(x) —25/ a{x) — c'' 


V{x) = < 


Vfxcd- 


— - ^^exp( --^(x - xi) 
cr^c 


27 \25/p-Cy 

M a'^c 

7 

For a(x) given by (3.29), the root of the equation a(xi) = c can be written 


Xq < X < Xl, 
X > Xl. 


as 


Xl = 


p,a 


(3.42) 


udu 


pfl + 20-27 J 25 / 1 J. u - c 


pa'^{c — 25/pi) 


+ 


pa 


■log 


c — c 


/i2+ 20-27 /i2+ 20-27 \25/ P — Cy 

The continuity of V' at xi leads to V'{xa) = { 2 §f/^Y■ Consequently, 

({c-c)|(2S|^,-c)Y 


(3.43) Ki(a,l3) = 


r+(a) exp(r+(a)xQ) — r_(a) exp(r_(a)xa) 


Theorem 3.9. Let o(x) be a funetion given by (3.29) and let x_|_(a), 
r-{a), Ki{a,P), Xa, xi, c, F and c be given by (3.23), (3.43), (3.24), (3.42), 
(3.27), (3.33) and (3.15), respeetively. If ^ < a and Mq, < M < Mp, then 


(3.44) F(x) 




Ai(a,/3)(exp(r+(Q;)x) 
pa{x) — 25/ a{x) — 

27 \ c — c 2 


— exp(r_(a)x)), 
-r 


M 

7 


Ct2c 




■ exp 




0 < X < Xa, 

Xq, < X < Xl, 


X > Xl 


is a concave, twice differentiable solution of the HJB equation (2.7) subject 
to ( 2 . 6 ). 
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Proof. The proof of this theorem follows the same lines as that of 
Theorem 3.8. □ 


Now suppose that M < Mq,. Then a{x) < 0 ( 3 : 1 ) < a for each x > 0 [since 
a{x) is increasing on [0, xi) and is constant for x > xi; see Theorem 3.4]. If 
P'(0) > 1, then xi > 0 and V'{xi) = 1. As a result, Ka = Ir view 

of (3.22) and (3.19), the function V is given by 


(3.45) V{x) = { 


A:i(a,/3)(exp(r+(a)x) — exp(r_(Q;)x)), 

- 1 ' exp(f_(Q;)(x-xi)), 

7 r-[a) 


The smoothness of V requires 

P'(xi-) = 1, y"(xi-)=f_(a), 

which translates into 


0 < X < xi, 
X > Xl. 


ki(a, /3)(r+(a) exp(r+(a)xi) — r_(a) exp(r_(Q;)xi)) = 1, 
ki(a, /3)(r^(a) exp(r+(a)xi) — r_(a) exp(r_(a)xi)) = f-(a). 


Excluding A:i(a,/9), we get an equation for xi: 


(3.47) 


exp((r+(a) — r_(a))xi) 


r_(a)(r_(a) — f_(a)) 
r+(a)(r+(a) -f_(a))‘ 


This equation has a positive solution if and only if 
(3,48) 


This proves the following statement. 


Proposition 3.10. If ^ <a, then 


P'(0) > 1 


iffM> 


q:^cj^7 
2(a// — 6 ) 


Let Mz be given by (3.37) and 


Mo{z) 


2{zyi — 6) ’ 


<5 

z > -. 




A simple analysis shows that f{z) = Mq{z) — is a decreasing function of 
z and /(^) = 0. Similarly, we claim that Mq{z) is decreasing for z < y and 
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increasing for z > Thus, we derive the inequalities 


(3.49) 

(3.50) 

(3.51) 


f25\ 25 

^0 ( — ) < Moia) < Ma < Mg if — < a, 

\^J- J ^ iJ, 

/ 0 A \ 

Ma < MQ{a) < Mq ( — ) < Mg if a < — < /?, 

V Ai / Ai 

Ma<Mg<Mo(—)<Mo{P)<Mo{a) if/3 <— 


V A^ / 


Since the qualitative behavior of the solution to (3.2) [resp., to (3.3)] depends 
on the value of a(0) [resp., of a(xi)], in accordance with (3.49) we distinguish 
and study the remaining subcases in the following sections. 


3.1.3. Case of Mo{a) < M < Ma- This is the case when (3.47) has a 
positive solution xi given by 


(3.52) 


Xl = 


r_(a)(r_(a) — f_(a)) 
r+(a)—r_(a) ^ V^+(a) (?’+(«) —f^-(«)) 


log 


Theorem 3.11. Let r+(a), r_(a), f_(a) and xi he given by (3.23), 
(3.10) and (3.52), respectively, and let ki{a,f3) be determined by (3.46). If 
^ < a and MQ(a) < M < Ma, then V given by (3.45) is a eoneave, twice 
eontinuously differentiable solution of (2.7) subjeet to (2.6). 

Proof. The proof of this theorem follows from that of Theorem 3.9. 

□ 


3.1.4. Case of M < Mo(a). By virtue of Proposition 3.10, this assump¬ 
tion results in P^(0) < 1. As a consequence, xi = 0. As shown in Theorem 
3.4, this leads to a{x) = a(0) for each x > 0. Since Mq > MQ{a), we can 
apply Corollary 3.5 to deduce a(0) < a. 

Theorem 3.12. Let f-{a) be a constant given by (3.10). If ^ < a and 
M < MQ{a), then 

M 

(3.53) V{x) = —(1 — exp(f_(a)x)), x > 0, 

7 

is a concave, twice continuously differentiable solution of (2.7) subject to 

( 2 . 6 ). 


Proof. See Corollary 3.5. □ 
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3.2. Case of a<^ < (5. In this section, we investigate the second main 
case of a < a( 0 ) < {3. As in the preceding section, if we assume a{xi) > f5, 
then (3.2) admits the solution 


(3.54) V{x) 


Here 


X/3 

(3.55) 


f a{x)-c \ ^ 

27 [26/fi-c) ’ 

Ki{P)exp{r+{P){x - xi)) 

+ K 2 if3) exp(r_(/3)(x - xi)). 


0 < X < xp, 


X/3 < X < Xl. 


fjf + 270-2 
fjf + 270-2 


G{P) - G 



P 


25\ 25^0 

Ijf + 270-2 



P-c \ 

25//i — c/ 


and the function a(x) is defined by 


(3,56) „(x)=G->(^h^x + G(^)) 


e 


25 
— ,00 


where G is given by (3.28). 

As before, the solution to (2.7) is derived by combining (3.54) and (3.3), 
by distinguishing subcases as follows. 


3.2.1. CaseofM>Mfj. As in Section 3.1.1, consider the case of xi > X/j. 
This case is characterized by M > Mg, which is also equivalent to c > /3. As a 
result, we get H'(xi) = 1. This leads to = l/(r_(/3)) [see Theorem 3.4(i)]. 
Then using (3.54) and Theorem 3.4(i), V can be represented in the form 


(3.57) V{x) = < 


, /ia(x)j^ / a{x)-c 
^ ’ 27 \25/fi-c 

Ki{P) exp(r+(/3)(x -xi)) 

+ K 2 {P) exp{r_{j3){x - 



-a:i)), 

xi)), 


0 < X < xp, 

X/3 < X < Xl, 
X > Xl, 


where a(x), Ki{P), K 2 {P) and xi are given by (3.56), (3.39) and (3.40), 
respectively. Let A = x /3 — xi be given by (3.30). Continuity of V at x^ 
yields 


(3.58) 



X (A:i(/3)exp(r+(/3)A) + iC 2 (/ 3 )exp(r_(/l)A)). 
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Theorem 3.13. Let a{x), c, F, Ki(P), K2{f5), xi and c be given 

by (3.58), (3.56), (3.27), (3.33), (3.39), (3.40) and (3.15), respectively. If 
and M > Mp, then V{x) given by (3.57) is a concave, twice 
continuously differentiable solution of (2.7) subject to (2.6). 

Proof. The proof results from combining (3.54) and Theorem 3.4(ii). 

□ 


To classify the remaining cases, suppose M < Mp. Let P^(0) > 1. In this 
case, xi defined by (3.1) is positive. Therefore, using (3.54) and Theorem 
3.4(ii), we can represent V as 


(3.59) V(x) 


27 \ 26 /fi-cJ ’ 

a'^c { L , f\ 

V[xi) H-exp-^(x -xi) , 

H ti \ cr^c J 


0 < X < xi, 


X > Xl, 


where a{x) and c are given by (3.56) and (3.15), respectively. As a conse¬ 
quence, we get 


(3.60) a(xi) = c. 

Continuity of V'(x) at x = xi [see (3.26) for the expression of the derivatives 
of a(a:)] along with (3.60) results in 

Substituting (3.61), (3.60) and (3.37) into (3.59), we obtain 
(3.62) 


CT^C 


V{xi) = — - — 
7 h 


The unknown constant xi is the root of (3.60). Recalling (3.56), we see that 
(3.60) admits a positive solution if and only if 


(3.63) 


M > Mo ( ^ ) = 


25^(t^7 


Proposition 3.14. Suppose a<^ < p. Then 

P'(0)>1 iffM>Mo(^^y 

In view of this proposition, we distinguish the remaining subcases as fol¬ 
lows. 
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3.2.2. Case of Mq{^) < M < Mp. Substituting (3.56) into (3.60), we ob¬ 
tain 


/icj^ C u du 
pf + 20-27 j2S/fi u - c 

(3.64) 

Ha‘^{c-26/n) /io-2 / c-c \ 

/i2 -|-20-27 /i2 + 20-27 \ 26 /p, — c) 


Theorem 3.15. Let a(x), c, F, c and xi he given by (3.56), (3.27), 
(3.33), (3.15) and (3.64), respectively. If a<^ < P and Mo(y) < M < Mp, 
then 


(3.65) V{x) 


pLa{x) — 26f a{x) — ^ 

2 ^ 


M 

7 


a2c 




V c — c 
exp 


h ( 

-^ 

o-^c 



0 < X < xi, 


X > Xl, 


is a concave, twice continuously differentiable solution of (2.7) subject to 

( 2 . 6 ). 


Proof. The proof of this theorem follows from that of (3.54). □ 

3.2.3. Case of M < Mq{^). Note that in this case, P'(0) < 1 due to 
Proposition 3.14. From (3.50), it follows that a(0) = c < /3. 

Theorem 3.16. Suppose a <b and M < Mq(^). Let c and r-(a) 
be given by (3.15) and (3.10), respectively. 

(i) If a < ^ and a<c, then 

(3.66) V{x) = —^1 —exp^—> 0, 

is a concave, twice continuously differentiable solution of (2.7) subject to 

( 2 . 6 ). 

(ii) If a = ^ or c< a, then 

M 

(3.67) V(x) = —(1 — exp(f_(a)x)), x > 0, 

7 

is a concave, twice continuously differentiable solution of (2.7) subject to 

( 2 . 6 ). 


Proof. See Corollary 3.5. □ 
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3.3. Case of ^ < P <^. We now investigate the final main case, ^ < 
/3 < y. Suppose W(0) > 1. Then xi defined by (3.1) is positive. In view of 
Proposition 3.7(iii) and Proposition 3.3(i), a{x) > /3 for all x > 0. Therefore, 
using (3.62) and Theorem 3.4(i), V can be represented as 


(3.68) V(x) = { 


if(exp(r+(/3)x) — exp(r_(/3)x)), 0 < x < xi, 

- exp(r_(/3)(x - xi)), x>xi. 

7 ^-(P) 


The principle of smooth fit for V at xi yields 


(3.69) 


V'(xi-) 

V"(xi-) 


K(r+(P) exp(r+(/3)xi) -r_(/3)exp(r_(/3)xi)) = 1, 

r_(/3). 


Thus 


(3.70) exp((r+(/3) - r_(/3))xi) = 
which admits a positive solution xi iff 

(3.71) M>Mo(/3) = 


r-{P){r-{P) - f-{P)) 
r+(/3)(r+(/I)-r_(/3))’ 


2{Pf,-6)- 


Proposition 3.17. If - <B<—, then 

P'(0)>1 iffM>Mo{P). 

Proof. The proof of this proposition follows from the calculations in 
this and the previous sections. □ 

In view of Proposition 3.17, we need to treat only two subcases, namely, 
M > Mq{P) and M < Mo(/3), to complete our analysis. 

3.3.1. Case of M >Mo(/3). In this case, (3.70) has a positive solution 
xi given by 


(3.72) 


Xl 


1 . / r_(/3)(r_(/3)-f_(/3)) \ 

(/3) - r_(/3) ^r+ iP) (r+ (/?) - {P)))' 


Theorem 3.18. Let xi, r+(/3), and r-{P) and r-{P) be given by (3.72), 
(3.23) and (3.10), respectively, and let K be a constant determined from 
(3.69). If ^ < P and M > Mo{P), then V given by (3.68) is a concave, 
twice continuously differentiable solution of (2.7) subject to (2.6). 
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Proof. By differentiating the expression (3.68), we obtain 

V^^\x) = K{r^{(5) exp(r+(/3)a:) — r^{P) exp(r_(/3)a:)) >0, 0 < x < xi. 

As a result, V"{x) < V"{xi) = 0 and V'{x) > V'{xi) = 1. This proves that 
V is concave. □ 

3.3.2. Case of M <Mo(f3). In this case, in view of Proposition 3.17, 
P'(0) < 1. Therefore, xi dehned by (3.1) equals zero. 

Theorem 3.19. Suppose that either /3<f or ^ < 6 < ^ and M < 
Mq{P). Let r_(/9), r-{a) and c he given by (3.10) and (3.15), respectively. 

(i) IfM>Mp, then 

M 

(3.73) V{x) = —(1 — exp(f_(/3)x)), x > 0, 

7 

is a concave, twice continuously differentiable solution of (2.7) subject to 

(2.6). 

(ii) If Ma < M < Mp, then 

= ""-O’ 

is a concave, twice continuously differentiable solution of (2.7) subject to 

(2.6). 

(hi) If M < Ma, then 

M 

V{x) = —(1 — exp(f_(a)x)), x > 0, 

7 

is a concave, twice continuously differentiable solution of (2.7) subject to 

(2.6). 

Proof. In the case of /9 < ^, the inequality P'(0) < 1 holds due to 
Proposition 3.17. Then by applying Corollary 3.5, the desired result follows. 
On the other hand, if ^ < /? < ^ and M < Mq{[5), then P'(0) < 1 (see 
Proposition 3.1). Thus, in view of (3.51), Corollary 3.5 can be applied again 
to obtain the results. □ 

4. Optimal policies. In this section we construct the optimal control poli¬ 
cies based on the solutions to the HJB equations obtained in the previous 
section. The derivation of the results of this section is simpler than the cor¬ 
responding one in [4], in view of the fact that no Skorohod problem has to 
be involved in this case. 
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Suppose y is a concave solution to the HJB equation (2.7). Define 

a*{x) = arg max + (a/x — 6 )V'{x) 

(4.1) ^ 

-7l'(i) + M{l-V'(i)) ) 

and 

where xi is defined by (3.1). The function a*{x) is the optimal feedback risk 
control function, while the function M*{x) represents the optimal dividend 
rate payments when the level of the reserve is x. 


Theorem 4.1. Let R*,t>0, be a solution to the stochastic differential 
equation 


dRf = [a*{R*^)^l -5- M*{Rl)] dt + a*{Rf)adWt, 

(4.2) 

Rl = x. 

Then for tt* = {af,cf;t>0) = {a*{Rf), M* {Rf);t>0), we have 

(4.3) J^{^*) = V{x) Vx>0. 


Proof. For simplicity assume that the initial position x <xi. In this 
case the process Rf as a solution to (4.2) is continuous. In view of (4.1) and 
(2.7), 

(4.4) V(i?*) - M*{R*)V'{R*) + M*{Rf) = 0 

[since M(1 — I7'(x))+ = M*{x){l — I7'(a:))], where the operator is defined 
in the proof of Theorem 2.2. Repeating the arguments of the proof of The¬ 
orem 2.2 and applying (4.4), we see that (we write r instead of below, 
since there will be no confusion) 

(4.5) Eie-^(^^^^V{Rf^,)) = Vix)-E / e-^^c^ds. 

Jo 

Taking the limit as t ^ oo, and applying (2.13), we obtain the desired result. 

□ 


Combining Theorems 2.2 and 4.1, we get the following result immediately. 

Corollary 4.2. The function V presented in Section 3 is the optimal 
return function and vr* is the optimal policy. 

All the results we obtained are summarized in Tables 1 and 2 for easy 
reference. 


Table 1 

The case of — <a 


Range for M 

XoL 

Xp 

a* (x) 

Risk a. 

Risk (3 

Xi 


xi is the first point at 





ever 

ever 



which the possible 





attained 

attained 



meiximal risk is 









attained 

M> Mp 

Positive 

and PcfeMbee 

Increases from a 

Yes 

Yes 

Positive; 

see 

(3.40) 




to /3 on [xa.,xp\\ 
see (3.29Xiii) /3 for 
x>xp 






M^KMKMq 

M=Mj3 

Positive 

oo 

and finite; 

see *^[0,a;„](ii) 

Increases from a 

to on 

[xa,x{\\ see (3.29) 
(iii) for 

^ ^ Xf^+ 27 cr-^ 

X>Xl 

Yes 

No 

Yes 

Positive; 

see 

(3.42) 

Mo{a) <M <Ma 

oc 

CK) 

a 

Yes 

No 

Positive; 

see 

(3.52) 

M < Mo{a) 

oc 

CK) 

a 

Yes 

No 

0 


Yes 


to 

Oi 
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Table 2 


tN5 

GTi 


Range for M 

Xa 

Xp 

a* (x) Risk a. ever 

Risk /3 

Xl 


xi is the first point at 




attained 

ever 



which the possible 





attained 



maximal risk is 








attained 




The case of a < — < /3 





M> Mp 

0 

Positive 

1 (iVIncreases /o cir\ Yes if a = 

and ^ finite; ^vSee (3.55) oa 

from ^to/3 on ’ no 

[Q,Xf)\\ ^see (3.56); if a>^ 

Yes 

Positive; 

see 

(3.40) 




(ii) /3 for X > xp 





Mo(2S/tJ,)<M<M0 

M = Mi3 

0 

oo 

(i) Increases from Yes if a = 

2 S on f; no 

[0,xi]; see (3.56) (ii) if '^>■77 

2 ^^forx>xi 

No 

Yes 

Positive; 

see 

(3.64) 

<M<Mo(f) 

0 

oo 

2m{<5+M) No 

No 

0 


Yes 

M < Mo, 

0 

oo 

a Yes 

No 

0 


Yes 




The case of — < /3 < — 





M>Mo{P) 

0 

0 

/3 No 

Yes 

Positive; 

see 

(3.72) 

Mi3<M<Mo{i3) 

0 

0 

/3 No 

Yes 

0 


Yes 

Met <M< 

0 

OO 

2m{<s+m) No 

No 

0 


Yes 

M=Moc 



Yes 





M < Me 

CX3 

OO 

« No 

No 

0 


Yes 


CHOULLI, M. TAKSAR AND X. Y. ZHOU 











DIVIDEND RATE AND BUSINESS CONSTRAINTS 


27 


5. Economic interpretation and conclnsions. The optimal policies ob¬ 
tained in the previous sections have clear economic meaning and are very 
easy to implement. Let us now elaborate. 

The risk control policy is characterized by two critical reserve levels: 
Xa and x/ 3 . The values of these two levels are further determined by four pa¬ 
rameters: the minimum risk allowed (a), the maximum risk allowed (/3), the 
ratio between the debt rate and profit rate (^), and the maximum dividend 
rate allowed (M). Specifically, there are three different cases to consider. 

The first case is when the company has very little debt compared to the 
potential profit (so that ^ < a). In this case, if the maximum dividend rate 
M is large enough (M > Mg), then both critical reserve levels, Xa and x^, 
are positive and finite. In other words, the company will minimize business 
activity (i.e., take the minimum risk a) when the reserve is below level Xa, 
then gradually increase business activity when the reserve is between Xa 
and Xjj, and then maximize business activity (i.e., take the maximum risk 
P) when the reserve reaches or goes beyond level xp. This policy is the same 
as that obtained in [4] for the case of unbounded dividend rate. Next, if 
the maximum dividend rate M is at a medium level (Mq < M < M^), then 
Xa remains positive and finite while becomes infinite. This implies that 
the company will become less aggressive; in particular, it will never take 
the maximum risk, due to a more restrictive dividend payout upper bound. 
Finally, if M is so small that M < M„, then both Xa and turn out to be 
infinite, meaning that business activities will be carried out at the minimum 
level or those business activities are redundant. 

The second case is when the company has a higher debt-profit ratio (so 
that a < ^ < /3). In this case, Xa = 0. This means that no matter how small 
the reserve is the company will never take the minimum risk; rather it will 
start with a bit higher risk level and gradually increase it. On the other hand, 
whether it will ever increase to the maximum possible risk (i.e., whether x^ 
is finite or infinite) depends on the value of the maximum possible dividend 
rate M, in the same way as in the first case discussed above. Therefore, in 
the second case the company overall has to be a bit more aggressive than 
in the first case. This can be explained by the fact that when the debt 
rate is high, one needs to gamble on higher potential profits to get out of 
the “bankruptcy zone” as fast as possible, even at the expense of assuming 
higher risk. 

The company becomes even more aggressive in the third case when the 
debt-profit ratio is even higher (precisely when ^ < /3 < ^). In this case, 
when the maximum dividend rate M is large enough (M > Mg), the max¬ 
imum allowable risk /3 is taken throughout, while the two critical levels 
Xa and x^ are both zero. On the other hand, when M is small enough so 
that M < Ma, business activities are carried out at the minimum level a 
throughout. 
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On the other hand, the optimal dividend policy is always of a threshold 
type here the threshold is xi (which is positive or zero). Namely, the dividend 
distribution takes place only when the reserve exceeds the critical level xi, 
in which case the dividend payout rate is M. 

It is interesting to note that in the case of unbounded dividend rate, 
the maximum business activity is always taken before dividend distributions 
ever take place; see [4]. However, in the present case of bounded dividend 
rate, the company may need to pay dividends before the maximum risk 
level (5 is ever taken; refer to Tables 1 and 2 for details. This represents a 
striking difference between the cases of unbounded and bounded dividend 
rate. The economic reason for such behavior is the following. When there is 
a significant constraint on the dividend rate, there may be no necessity to 
pursue business aggressively because the accumulated liquid assets cannot 
be paid out as dividends fast enough anyway. 

In conclusion, we point out an intricate interplay between the restriction 
on the dividend distribution rate and that on the risk control of a finan¬ 
cial company. The sheer number of qualitatively different optimal policies, 
which appears due to different possible relationships between exogenous pa¬ 
rameters, shows the multiplicity of different economic environments which a 
financial company faces depending on the size of the debt, on the constraint 
on the dividend rate, and on the size of available business activity. 
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